Abstract. We propose a linear-elastic registration method to register diffusion-weighted MRI (DW-MRI) data sets by mapping their diffusion orientation distribution functions (ODFs). The ODFs were reconstructed using a q-ball imaging (QBI) technique to resolve intravoxel fiber crossing. The registration method is based on mapping the ODF maps represented by spherical harmonics which yield analytic solutions and reduce the computational complexity. ODF reorientation is required to maintain the consistency with transformed local fiber directions. The reorientation matrices are extracted from the local Jacobian and directly applied to the coefficients of spherical harmonics. The similarity cost of the registration is defined by the ODF shape distance calculated from the spherical harmonic coefficients. The transformation fields are regularized by linear elastic constraints. The proposed method was validated using both synthetic and real data sets. Experimental results show that the elastic registration improved the affine alignment by further reducing the ODF shape difference; reorientation during the registration produced registered ODF maps with more consistent principle directions compared to registrations without reorientation or simultaneous reorientation.
Introduction
Diffusion-weighted magnetic resonance imaging (DW-MRI) is an emerging technique and plays an important role in studying white matter structure and anatomical connectivity. Non-rigid registration of DW-MRI images is crucial for building a white matter and fiber tract atlas and group analysis. With the assumption of a Gaussian diffusion profile, the second order diffusion tensor MRI (DTI) [1] provides a relatively simple approach for quantifying diffusion anisotropy as well as extracting local fiber directions. DTI Registration [2, 3, 4] has been studied and utilized in brain MRI analyses and produces additional information compared to conventional imaging modalities. However, a major drawback of DTI is that it fails to accurately characterize the diffusion in complex white matter, where fiber tracts with different orientations intersect within a voxel. Extension of DTI to higher orders [5] and multi-tensor models of the diffusivity profiles were recently introduced to solve this limitation. Another approach is q-space imaging (QSI) [6] which measures the diffusion function directly by employing the Fourier relation between the diffusion signal and the diffusion function. Due to the sampling burden and large pulse gradient requirements, q-ball imaging (QBI) techniques [7] haven been proposed, which sample the diffusion signals on a spherical shell and apply the Funk-Radon transform to reconstruct the model-free diffusion orientation distribution function (ODF) based on radial basis functions or spherical harmonics [8] . Spherical harmonics lead to an analytic solution for the ODF reconstruction and are widely utilized in various applications, such as shape modeling in molecular sciences and real-time lighting in computer graphics.
In this work we present a novel registration method for ODF maps represented by spherical harmonics. The potential of the ODF-based registration techniques is to align structures accordingly in locations where other image modalities are unable to characterize, for example, fiber crossings. However, the proposed technique is not restricted to ODF registration, it can also be applied to align the apparent diffusion profiles represented by spherical harmonics.
The registration is based on optimizing a cost function including the ODF shape similarity cost defined with a L 2 norm and an elastic regularization constraint. During the optimization, a rotation matrix is extracted at each voxel from the local Jacobian and converted to a general spherical harmonic rotation matrix to reorient the ODFs. The reorientation is directly applied to the coefficients without detecting principle directions ODFs which may have multiple directions and involve significant computation. We demonstrated the reorientation using both synthetic and real data sets. Experimental results show that the proposed registration method provides better performance in terms of smaller ODF shape difference and more consistent principle directions of the registered images, compared to registration without or with reorientation after registration.
Method

Diffusion ODFs Represented as Spherical Harmonics
The ODF characterizes the relative likelihood of water diffusion along any given angular direction u with u(θ, φ) = [sin θ cos φ sin θ sin φ cos θ] where θ and φ are the polar and azimuthal angles. Our registration method is applied to the reconstructed ODF maps from the QBI technique proposed by Hess et al. [8] . The ODF is approximated by a great circle integration on the sphere, i.e., F (u) = q⊥u E(q)dq. E(q) represents an underlying diffusion-attenuated signal at a finite set of points on a sphere and q is the wavevector which describes diffusion encoding in a pulsed-gradient spin-echo experiment. The software "Camino" [9] is used to calculate and visualize ODFs.
As a single-valued spherical function, the function F (u) : 
F is also assumed to be antipodal symmetric, such that the order l only takes even numbers and the function can be expressed as [11] , can also be applied to define the shape similarity. Given that the ODFs are represented with a complete set of orthonormal basis functions, they thus form a vector space analogue to unit basis vectors. The invariant shape norm and the distance between two functions can be defined as
Rotation of Real Spherical Harmonics
A 3D rotation can be decomposed to three Euler angles using the zyz convention with three subsequent rotations around the z, y and z axes by angles α 1 , α 2 and α 3 , respectively:
The coefficients of real spherical harmonics can be rotated in the same way as vectors with so-called Wigner matrices [12] . The coefficients λ 
The Wigner matrix R can be represented as a sparse block matrix:
where R l corresponds to the l-order. For complex spherical harmonics, a rotation operator expressed in terms of the Euler angle parametrization can be represented with a Wigner matrix with the matrix elements given by
, where
Re-define the linear combination in Eq. (1) as
, then the rotation matrix for real spherical harmonics is given by
where † is the complex conjugate transpose. The z-axis rotation of spherical harmonics is straightforward and can be calculated as follows, without constructing R Z :
To implement R Y , we followed Eq.(20) in [13] . A fast spherical harmonic rotation approximation using a truncated Taylor expansion of R Z [14] can be used to speed up the calculation, however the accuracy is compromised.
Reorientation of Diffusion ODFs
Image registration searches for transformations to map structures in the source to corresponding ones in the reference. By assumption, the water diffusion orientation distributions reflect the underlying fiber structures; therefore, ODF reorientation along the transformation is required. The Jacobian of the spatial transformations is the first order linear approximation to the differentiable functions at a given spatial location. Therefore, a natural thought is to apply the Jacobian to the ODF at each location to reorient it. Using this strategy, the shape and size of the ODFs are subject to change. To keep the shape invariant, we apply the rotation matrix extracted from the Jacobian to reorient the ODFs, which is similar to the "finite strain" tensor reorientation technique proposed by Alexander et al. [2] . Since a diffusion ODF may have multiple local maxima indicating multiple crossing fibers, which are computationally expensive to detect, direct implementation of the "preservation of principal directions (PPD)" method [2] may not work efficiently. A convenience of formulating ODFs with spherical harmonics is that the shape rotation can be achieved by apply a rotation matrix directly to the coefficients (see Sec.2.2) without changing of the basis functions and without reconstruction of the ODFs after reorientation during each registration step. The invariance of the basis functions simplifies the calculation of the shape difference which can be always preformed using the corresponding coefficients as described in Eq.(4). Chiang et al. [11] proposed a reorientation method that first detected the principle direction of the diffusivity functions by shape-based PCA, and then applied PPD to reorient the diffusivity function. A major difference of our approach is that, instead of computing the diffusion attenuation signal at each reoriented direction, we apply the rotation matrices directly to the coefficients to get the reoriented ODF. As QBI techniques normally acquire several hundred sampling directions, performing operations on much fewer coefficients reduces the computation cost significantly. Barmpoutis et al. [5] noted limitations of the re-orientation of diffusivity functions, and provided a full affine "re-transform" of diffusion functions instead of reorientation under a 4th order tensor model.
Registration of ODFs
The ODF-based registration can be stated as an optimization problem of finding spatial transformation h 12 that minimizes the following cost function:
where Ω represents the ODF map space, σ and ρ are weighting parameters for the similarity and regularization costs, respectively, R 12 is the associated reorientation matrix of the ODF F 1 at h 12 (x), λ l m is the rotated coefficient defined in Eq. (5), and u 12 (x) is the displacements satisfying h 12 (x) = x+ u 12 (x). The similarity term was defined using the shape difference metric in Eq.4. L is a linear differential operator and was defined to be the Laplacian operator in this
. The transformations were initialized as identities, and updated by gradient descent iteratively. At each iteration, linear interpolation of the reoriented coefficients λ l m was used to generate the deformed ODF maps.
The transformation fields are defined in Eulerian space, therefore the reorientation matrix operating on the deforming ODF should be extracted from the inverse of J(h 12 ) with the following equation
To apply the rotation to the spherical harmonic coefficients, R 12 is decomposed into three Euler angles using the zyz convention. 
Therefore, the three Euler angles can be obtained as:
, and α 3 = arctan(R 23 , R 13 ), (14) with the constraints of
, and α 3 ∈ [−π π]. R ij represents the element of R in the ith row and jth column, and (R ij , R kl ) represents the angle vector coordinate in the plane. Note that arctan(a, b) is almost equivalent to arctan(a/b) except that we also take into account the quadrant in which the point (a,b) is located.
Experiments and Results
Synthetic Experiments of Reorientation
Diffusion tensors with three mixtured zero-mean Gaussians under low intravoxel water exchange model were simulated with SNR of 100 using "Camino". The largest eigenvalues of the three tensors were set to be 3×10 −9 m 2 /s, 2×10 −9 m 2 /s and 1.5 × 10 −9 m 2 /s along the x, y and z axes, respectively. The other two eigenvalues had a value of 0.6 × 10 −9 m 2 /s along the y and z axes, the x and z axes, and the x and y axes. 162 encoding directions were used for the QBI acquisition with b = 3000 s/mm 2 . Fig. 1 (a) shows the reconstructed ODF projected on the xy and the xz planes. 30
• rotations along the z-axis and along y-axis were applied separately on the spherical harmonic coefficients according to Eq.(9), (7), (8) and (10) . The reconstructed ODF are shown in Fig. 1 (b) and (c). Fig. 1 (d) plots the coefficients of the original and rotated ODFs. Fig.2 demonstrates a spatial rotation of 25
• of a real DW-MRI data set without and with ODF reorientation. A rotation transformation without ODF reorientation resulted in an inconsistency between the principle directions of the ODFs and the underlying fiber directions. With ODF reorientation of the coefficients, the principle directions were rotated to follow the transformed fiber structures.
Registration Experiments with Real Data
Human brain QBI data from five healthy subjects were acquired on a 3T TrioTim Siemens MRI scanner. Isotropic axial diffusion-weighted images were obtained using a single shot diffusion spin-echo echo-planar imaging (EPI) sequence with TR/TE = 9,500/116 ms, FOV= 192 mm, matrix size = 96×96, yielding a 2mm image resolution. 162 diffusion encoding directions (using an electrostatic repulsion model) with a b value of 3000 s/mm 2 and one reference image with b = 0 were acquired. 60 slices with slice thickness of 2mm were obtained to cover the whole brain. The total scan time was 25.65 minutes.
ODF maps of each data set were reconstructed with real spherical harmonics following the technique in [8] . The maximum harmonic order was set to 4 in this preliminary study resulting in (4 + 1) × (4 + 2)/2 = 15 coefficients to represent the diffusion functions. The proposed method is general to any order of spherical harmonics. One data set was selected as the reference and the other four were registered to it. The mean shape of the ODF at each voxel location was calculated following Eq.(4) and used to perform the scalar-based affine registration. The affine matrices were then decomposed to Euler rotation angles using Eq. (12) and Eq. (14) and applied to transform the coefficients to reorient the ODFs. The affine aligned images were regarded as inputs to register to the reference using the elastic registration described in Sec.2.4. The parameters were set to: the similarity weight σ = 1, the regularization weight ρ = 0.4, and the number of iterations = 100. A Gaussian filter with F W HM = 1.77mm was applied to smooth the deformation fields at each iteration. The similarity error converged after around 50 iterations for all registrations.
To demonstrate the contribution of the ODF reorientation, the experiments were designed to compare the proposed method with reorientation at each iteration to registration methods without reorientation, and with reorientation after registration. All three methods used the same registration parameters.
Two metrics were computed for evaluation and comparison: the average of ODF shape difference defined in Eq.(4) and the average directional consistency of the largest principle direction of the registered ODF maps. The average directional consistency is defined as adc = largest principle direction of the deformed ODF map at voxel i, u 2 is the largest principle direction of the reference ODF map at voxel i and N is the number of voxels where both deformed and reference maps have nonzero values. The closer to 1 that the measure is, the more consistent the largest principle directions between the deformed and the reference map are. The reason for taking the absolute value of the dot product is due to the assumption of antipodal symmetry of the ODFs. The peak direction was calculated by searching the local maximum within a fixed search radius of 0.4 and randomly rotating a unit icosahedron 8672 times using "Camino". Fig. 3 . Typical ODF registration results with various registration methods. The top row from left to right: the mean shape of the ODF maps of the reference, source, source after affine alignment and after elastic registration with reorientation; the second row from left to right: directional consistency maps after affine registration with reorientation, elastic registration without reorientation and elastic registration with reorientation, and the enlarged ODFs of the boxed region in the above figure; the bottom row from left to right: the norm of the transformation fields, the rotation angle α1 along z-axis, α2 along y-axis and the sum of the first rotation angle α1 and second angle α3 along z-axis.
The mean shape of the ODF maps of the reference, original source, source after affine alignment and after elastic registration are shown in the top row of Fig.3 . The alignment of brain structures is improved from affine to elastic registration around several regions such as the corpus callosum and the ventricles. Fig.3 also shows the enlarged ODFs after elastic registration with reorientation of the selected box region. We found that the ODF maps are smooth and follow the structural directions. The directional consistency maps after affine registration with reorientation, elastic registration without reorientation and elastic registration with reorientation are shown in the second row of Fig.3 . The values are color-coded from 0.707 (corresponding to 45
• angular difference) to 1. Larger values from affine to elastic registration are observed which indicate greater consistency of the direction peaks between the deformed and reference maps. The Table 1 . Registration results for the four subjects measured by average shape difference and directional consistency metrics. Affine without reorientation (ro) and with ro, elastic without ro, with ro after registration (roa) and with ro during registration methods were compared. difference is subtle to be seen between with and without reorientation using elastic registration. Slightly greater values in the genu and splenium of the corpus callosum can be observed. The norm of the transformation fields, the rotation angle α 1 along z-axis, α 2 along y-axis and the sum of the first and second rotation angles α 1 and α 3 along z-axis are displayed in the bottom row of Fig.3 . The composition of α 1 and α 3 play the major role in the rotation along the z-axis, given that the rotation angles along y-axis are small (which is the case in this experiment). Therefore the unsmooth α 1 map does not imply the unsmooth rotation fields along the z-axis, but the sum of α 1 and α 2 gives an indication of the degree of smoothness of rotation fields along the z-axis. This can be seen by the fact that a first large rotation along the z-axis can be canceled out by a second large but negative direction rotation along z-axis. There are some places around the boundary that the rotation angle fields are not very smooth. A regularization term on the rotation fields may help to produce a smoother rotation.
Tab.1 shows the affine and elastic registration results with and without reorientation measured by the average shape difference and directional consistency metrics. In general, the elastic registration methods significantly reduced the ODF shape difference and improved directional consistency compared to the affine methods. The reorientation after affine alignment slightly improved the shape similarity and directional consistency. All elastic methods used the affine aligned ODF maps as inputs. Based on the four sets of registration results, reorientation after registration produced slightly better results compared to registration without reorientation, which demonstrates the need of reorienting ODFs to keep them consistent with the deformed local structures. Simultaneous reorientation further improved the performance in terms of smaller average shape difference and larger directional consistency, which shows that it has the potential to help the registration process to get out of local minima.
The small improvements of shape similarity caused by ODF reorientation may be due to the relatively insensitive shape metric under rotation. The shape difference metric used here includes the 0-order spherical harmonics which are invariant under rotation and take a large portion in the distance calculation ( see Fig.3 (d) ). Metrics more sensitive to rotation, such as computing the difference using all but the 0 order coefficients would potentially magnify the improvement. One reason of the small amount of improvement measured by the directional consistency metric is because it was averaged over the whole brain instead of in specific regions. Due to the relatively low SNR (around 10) in QBI data, in many gray matter regions, the ODF peaks may not truly reflect the underlying structures. The peaks in those regions between source and reference have large differences to begin with and are hard to match even with ODF reorientation. The calculation of the differential of the ODF reorientation is ignored in this work, and taking into account it may improve the registration performance [15] .
Conclusions and Discussion
We presented a novel DW-MRI registration algorithm based on reconstructed ODFs represented by spherical harmonics. The ODF reorientation was performed during the elastic registration procedure. The reorientation matrices were obtained by extracting the rotation part from the local Jacobian and directly applied to the spherical harmonic coefficients to rotate the ODF. Computation of the principal directions and reconstruction of the ODFs during each registration iteration are avoided. The similarity cost was computed based on a shape difference metric defined using the L 2 norm. A linear elastic regularization term was added to constrain the transformation fields. ODF reorientation was tested using synthetic q-ball data and real q-ball data with known rotation angles. The registration method was evaluated and compared with affine registration and elastic registration without reorientation or with reorientation after registration. Average shape difference and directional consistency were measured and compared with various registration techniques. Results show that the elastic registration model significantly reduced ODF shape difference and improved directional consistency; simultaneous reorientation further improved the registration performance.
A limitation of the proposed ODF-based registration is that it fully depends on the quality of the reconstructed ODF maps. Metrics derived from other models (such as fractional anisotropy from DTI) or directly from diffusion attenuation signals (i.e., mean shape of the acquired signals instead of the reconstructed ones) may help to validate the registration performance and analyze how much the reconstructed ODF would affect the registration results. Other possible areas to improve the method include to apply the motion correction of the EPI data sets to get more accurate ODFs and therefore better registration; to use a multi-resolution registration scheme to avoid local minima; and to include the differential of ODF reorientation in the registration optimization procedure.
